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by expanding the particle's propagator around its pole, rather than its physical mass point 



5-H . as convention. We find the difference between the new and the conventional WRC is gauge- 

' parameter dependent for unstable particles beyond one-loop level, which will lead to some 

' physical results gauge dependent under the conventional wave-function renormalization pre- 

scription beyond one-loop level. 
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I. INTRODUCTION 



The conventional wave-function renormalization prescription extracts WRC by expanding the 



'e's propagat 

it is 0, y, 3 



particle's propagator around its physical mass point in the LSZ reduction formula For scalar 
Q ' boson 



i(l + i?eS'(m2))-i 

{p^ — m^)(l -|- S'(m2)) -|- S(m^) — 5m? — + ie' 

where S'(m^)=(9S(m^)/c?p^, e and e' are small quantities. But not long ago people propose that 
only the mass definition of the pole of the particle's propagator is gauge invariant [5|] and physical 
results are only gauge invariant under the pole mass renormalization prescription [gI, so WRC 



must also be defined on the pole of the partic 



e's propagator. Considering the fact that unstable 



1 0,33, 



particle's WRC must contain imaginary part 
prescription for boson must be 

i i _ i{l + T.'{s)) 



the new wave-function renormalization 



(2) 



p2 _ _ ^j^2 _j_ 5](p2) — s)(l -|- S'(s)) p"^ — S ' 

where s = — imT is the pole of the boson's propagator ^] . Note that the pole mass renormal 
ization prescription has been used in Eq.(2). 



For fermion the new wave-function renormalization prescription is a little complex. The fermion 
inverse propagator can be written as 

iS"-! [f) = ^-m-5m + '£{f) = i){a-iL + hR) + c7l + d'jR , (3) 

where 71, and 7r are the left- and right- handed helicity operators, and the diagonal fermion self 
energy is 

= + 1^7« + m(7LS^'^(/) + 7iiS^'«(/)) . (4) 

Expanding the fermion propagator around its pole we get [3, 
i{i){a'yL + ft7i?) - c^7l - cIr) 



S{j>) 



p^ab — cd 

+ 5m +1^7^(1 + S^(s)) + ^r{1 + T,^is)) - m7LS^'^(s) - m7ijS'^'-^(s)) 



(5) 



(p^ — + im T)A 
where s = — imV is the pole of the fermion propagator, and 

+ mS^'^'(s)(m + 5m- mT.'^'^{s)) + mS'^-^'(s)(m + 6m - mS'^'^(s)) . (6) 

From Eq.(2) and Eq.(5) we can extract boson and fermion's WRC. In section 2 we will do this 
work. In section 3 we will evaluate the difference of unstable particle's WRC between the new 
and the conventional wave-function renormalization prescription and discuss the influence of the 
difference on physical results. Lastly we give our conclusion. 

II. DETERMINATION OF WAVE-FUNCTION RENORMALIZATION CONSTANTS 

In the LSZ reduction formula one needs to introduce two sets of WRC: the incoming WRC and 



the outgoing WRC 



For boson the incoming and outgoing WRC are introduced as follows 



= <n\(j){0)\X> , z\ =<A|(^t(o)|n>, (7) 



where is the interaction vacuum, (/> is the boson's Heisenberg field, and A is the incoming or 
outgoing state of S-matrix element. According to the LSZ reduction formula we have from Eq.(2) 



ZtZt = (1 + - imr))-\ (8) 



a 



Another condition that boson's WRC must satisfy is [J] 

Z = Z. (9) 

Therefore we get 

Z = Z = (1 + S'(m2 -imV))-^ . (10) 
For fermion the incoming and outgoing WRC are introduced as follows jj]: 

<Q\i^{0)\X>= Z^u, <A|'0(O)|17>= uZs , (11) 
where ip is the fermion's Heisenberg field and 

Z-2 = Z^-2JL+Z^'2^R, Z\ = Z^-2-iR + Z^^^lL. (12) 



The fermion propagator at resonant region can be expressed as 



pz — + imi 

where x is a small quantity. Considering Eqs.(5,13) must be placed in the middle of on-shell spinors 
u and u (or v and v) and the fact u'^lu = uj^u (or ^7^1/ = v^rv), we obtain 

= (1 + S^(s))/^, 
= (1 + S^(s))/^, 

Z^iZ^i +Z^^Z^5 = (2m + 25m-mS'^'^(s) -mS'^'^(s))/(^(m + ix)). (14) 
Another condition that fermion's WRC must satisfy is 4| 

Z^ = Z^ , Z^ = Z^ . (15) 

Therefore we get 

Z^ = Z^ = (1 + S^(s))/^, 

Z^ = Z^ = (1 + S^(s))/^. (16) 

Since the quantity x is undefined in Eq.(13), the third equation of Eqs.(14) can be used to define 
X. At one- loop level we get Q] 

X = -r/2 (17) 

where F is the fermion's decay width. 

Now we have finished the definition of diagonal WRC. The off-diagonal WRC are out of our 
consideration, because they are different from the diagonal WRC under the meaning of the LSZ 
reduction formula. 
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III. GAUGE DEPENDENCE OF PHYSICAL RESULTS UNDER THE 
CONVENTIONAL WAVE-FUNCTION RENORMALIZATION PRESCRIPTION 

Since unstable particle's WRC must contain imaginary part [s, 4, 7, B, the conventional wave- 
function renormalization prescription must be the second prescription of Eq.(l) for boson, i.e. J] 
(see Eq.(9)) 



(1 + S'(m2))-1 



(18) 



where the subscript o represents the conventional wave- function renormalization prescription. Com- 
paring with Eqs.(lO) we find at two-loop level 



Zo — Z = —imTT,"{m^). 



(19) 



For unstable boson the difference is gauge-parameter dependent. For example for gauge boson W 
we obtain (see Fig.l) 

Re[ZoW - Zw]£,w 
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288s2, 



i=e,fj,,T i=u,c j=d,s,b 

X {2-{x^ + Xj)-{x,-x,f)m^-3^l,-QCw-5)e[^-^w], (20) 



where Re takes the real part of the quantity, is the gauge parameter of W, the subscript 

denotes the ^ly-dependent part of the quantity, 0( is the fine structure constant, s^o is the sine of 

the weak mixingangle, Xj = mf/m'yy and xj = m'j/m'yy with niyy the mass of W, Vij is the CKM 

matrix element 91, and 9 is the Heaviside function. Note that in the calculations we have used the 

□ 

program packages FeynArts and FeynCalc [10|]. 

For fermion the conventional wave-function renormalization prescription must be 
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Z^ = (l + E^(m^))Mi, 
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where 



A, = (1 + S^(m2))(l + S^(m2)) 



(22) 
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FIG. 1: W one- loop self-energy diagrams containing imaginary part. 



Comparing with Eqs.(16) we find 



(23) 



For unstable fermion the difference is also gauge-parameter dependent. For example for top quark 

we obtain (see Fig. 2) 



= -J^^l^ E \Vti\^Bi{xl + {l-2xi)xt + x^,+x^-2) 

* i=d,s,b 
ly .12 

X E -^ixl-Xjxj-{3^^ + 3xj^w + '2x^j)xt 

j=d,s,b ^ 

+ HCw - XjfiCw + Xj))9[mt - V^mw - mj] , 

R n^B] 



Re[Z^, - Zt\ 
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256st 



\VufBi{xj + (1 - 2xi)xt + x\ + Xi-2) 
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X E -^{xl-{iw + Xj)xi-{i^ + Axjiw + ^x])xt 
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+ {Cw - XjfiCw + Sxj))e[mt - \ffy^mw - mj\ , 



(24) 



where is the top quark's mass and xx = mi/rn^^ and 



Bi = ^Jx^t-2{xi + l)xt + {xi-lY, Cj = ^xf - 2{Cw + Xj)xt + {Cw - Xjf . (25) 



G W 

' ^ f 

T 

di di 
FIG. 2: Top quark's one-loop self-energy diagrams containing imaginary part. 




The gauge dependence of Eqs. (20,24) will lead to the decay widths of some physical processes 
gauge-parameter dependent under the conventional wave-function renormalization prescription. 
Considering the physical process — > C^Ve, since positive electron and electronic neutrino 
are stable particles, their's WRC are same under the new and the conventional wave-function 
renormalization prescription, therefore we only need to consider the effect of Zqw on the gaug e 
dependence of the decay width. The result is shown in Fig. 3 (the data is cited from Ref. jlll]). 



Considering another physical process t W~^b, since the decay width of bottom quark is zero at 

I M (W+ ^ e+ Ve) 1 1. 



a2 1 Mt (W+ 
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FIG. 3: Gauge dependence of two-loop |A1(T4^+ e+i/e)P under the conventional wave-function renormal- 
ization prescription, where AitiW'^ e+i^e) is the tree-level amplitude. 



one-loop level, the bottom quark's WRC are same at two-loop level under the two wave-function 
renormalization prescriptions (see Eqs. (23)), so we only need to consider the effect of Zot and Zqw 
on the gauge dependence of the decay width. The result is shown in Fig. 4. Fig. 3 and Fig. 4 show the 
gauge dependence of the two physical results under the conventional wave-function renormalization 
prescription is order of 0(1) at two-loop level, so the conventional wave-function renormalization 
prescription will affect the veracity of physical results beyond one-loop level. 
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FIG. 4: Gauge dependence of two-loop \M.{t W^b)\'^ under the conventional wave-function renormaliza- 
tion prescription, where A4t{t — > W^b) is the tree-level amplitude. 



The new wave-function renormalization prescription proposed here is based on the pole mass 
renormahzation prescription, in which WRC is extracted by expanding the particle's propagator 
around its pole rather than its physical mass point as convention. The difference of the new 
WRC and the conventional WRC is gauge dependent for unstable particles beyond one-loop level. 
This will lead to some physical results gauge dependent under the conventional wave-function 
renormalization prescription beyond one-loop level. 
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FIG. 1: W one- loop self-energy diagrams containing imaginary part. 



Comparing with Eqs.(16) we find 
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FIG. 2: Top quark's one-loop self-energy diagrams containing imaginary part. 




The gauge dependence of Eqs. (20,24) will lead to the decay widths of some physical processes 
gauge-parameter dependent under the conventional wave-function renormalization prescription. 
Considering the physical process — > C^Ve, since positive electron and electronic neutrino 
are stable particles, their's WRC are same under the new and the conventional wave-function 
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FIG. 3: Gauge dependence of two-loop |A1(T4^+ e+i/e)P under the conventional wave-function renormal- 
ization prescription, where AitiW'^ e+i^e) is the tree-level amplitude. 



one-loop level, the bottom quark's WRC are same at two-loop level under the two wave-function 
renormalization prescriptions (see Eqs. (23)), so we only need to consider the effect of Zot and Zqw 
on the gauge dependence of the decay width. The result is shown in Fig. 4. Fig. 3 and Fig. 4 show the 
gauge dependence of the two physical results under the conventional wave-function renormalization 
prescription is order of 0(1) at two-loop level, so the conventional wave-function renormalization 
prescription will affect the veracity of physical results beyond one-loop level. 
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FIG. 4: Gauge dependence of two-loop \M.{t W^b)\'^ under the conventional wave-function renormaliza- 
tion prescription, where A4t{t — > W^b) is the tree-level amplitude. 



The new wave-function renormalization prescription proposed here is based on the pole mass 
renormahzation prescription, in which WRC is extracted by expanding the particle's propagator 
around its pole rather than its physical mass point as convention. The difference of the new 
WRC and the conventional WRC is gauge dependent for unstable particles beyond one-loop level. 
This will lead to some physical results gauge dependent under the conventional wave-function 
renormalization prescription beyond one-loop level. 
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